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Abstract

1331

Recently Lahiri and Banerjee [1] have introduced the concept of Ritt-order of an entire Dirichlet

Series and proved sum and product theorems. They as obtained Ritt order for derivatives. In

this paper, we introduced the concept of L-Ritt order and discuss it for sum, products and

derivatives of functions.
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1. Introduction, Definition and Lemmas

For entire functionsg; andg, let Gy(r) = maxﬂgl(z)|:|z|:r} and

G,(r) max{]gz(z)| 7| = r}.

If g1 is non constant then Gy(r) is strictly increasing and a continuous function of r and its

inverse G;:(|g, (0}, %) = (0, ) exits and lim G,*(R)=c=.(1.1)

Bernal [5] introduced the definition of relative order of g; with respect to g, denoted by

Pq, (91) as follows
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P, (9,)=inf{u>0:G,(r)< G, (r*)forallr > r, (1) > 0}.(1.2)
Let f(s) be an entire function of the complex variable s = o + it defined by everywhere

absolutely convergent Dirichlet series Zanes‘” (2.3)
n=1

where0 < 4, < /1n+l(n > 1), A, > o asn — o and a;s are complex constants.

If o, and o, denote respectively the abscissa of convergence and absolute convergence of

(1.3) thenin this case clearlyo, =0, = .
Let F(o)= lub|f(o+it)(1.4)
—oo<t<oo

Then the Ritt order [16] of f(S) denoted by p(f) is given by

(2]
p(f)=lim supw = lim suplog—F(G).

O—>0 O O —>0 O

(1.5)

In other words p(f )= inf{u > 0:log F(c)< exp(ou)foralle > R(u)}.(1.6)
Similarly the lower Ritt order of f(s) denoted by A(f) may be defined.

In the paper we prove sum results on the related to relative L-Ritt order of an entire Dirichlet
series. where L = L(o) is a positive continuous function increasing slowly i.e. L(ac) ~ L(c) as

o — o for every constants a.In the paper we do not explain the standard definitions and
notations in the theory of entire functions as those are available in [6].The following definitions
are well known .

Definition 1.The relative Ritt order of f(s)with respect to an entire function g(s) is defined by
Py (f)=inf{u>0:logF(c)< G(ou) Forall large & }(1.7)

where G(r)= max{[g(s)| : |s| = r}. Clearly p, (f)=p(f) ifg(s)=e*. The following analogous
definition from [5] will be needed.

Definition 2.A nonconstant entire function g(s) is said to have the property (A) if forany 6 >1

and positive o,[G(o)[* < G(o-(g) holds where G(o) = max{[g(sx : |3| = U}'
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Definition 3.The L-Ritt order pF = p"(f) and the L-Ritt lower order A = A"(f)of f(s) are

defined as follows respectively

A o 10g® F (o) Lo - log® F(o)
f)=limsup——————=(1.8) A~ (f )= liminf ————=
P ( ) o0 OL((T) ( ) o0 O'L(U) (19)

Where log™ x = Iog(log[k’” x) fork=1,2,3,..and log™ x = x. Similarly one can define the

relative L-Ritt and relative lower L-Ritt order of f(s)

Definition 4.The relative L-Ritt order ng (f) and the relative lower L-Ritt order Z; (f)of f(s)

with respect to entire g(s) are respectively defined as

. : G'logF(o) ) .. GlogF(o)
f)=limsup—————%(1.10) A,(f )= liminf —————
erlf)= o= gy A0 A = it =

Bernal [5] has proved the following.

Lemmal [5].If a>1, 0<p<athen G(ac)> fG(c) forall large .

Lemmaz2 [5].If g is transcendental with g(0)=0 then for all large o and0< & <1.

G(o?)< G(o)< G(20)where G(c) = maxﬂg'(z)( 2| = a}

After Bernal , several papers on relative order of entire functions have appeared in the
literature where growing interest of researcher on this topic has been noticed (see for example
[2],[3],[4],[12],[13],[14], [15],[16]). During the past decades, several authors (see for example
[17], [18], [20]) made close investigation on the properties of entire Dirichlet series related to
Ritt order.

2.Main Results: Following the sections 1, have proved the following theorem.

G'logF(o)

ol(o)

(b) If F(c)<F,(o)foralllargec, then p; (f,)< pi(f,).

Theorem 1. (a) p;(f)=limsup

Proof: (a) If £ > 0 is arbitrary then from the definition.
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G'logF
ps(f)+e >$)(6) forall large o (5 1)

and there exist a sequence of value o = o, tending to infinity.

M > p-(f)-&(2.2)From (2.1) and (2.2)

olle,)
. G 'logF(o
l@oSUPT)(): pg(f).

Proof:(b) For arbitrary & > 0and for all large o, we can write from (a).
F,(c) < explG {oL(a)(pé‘(fz )+
Since F,(c)<F,(c) forall large o, we obtain

G logF, ((7) L

PgL(fl):"m S/’ngj(fz)+<c;

O—>0 OL(G)
Since & > Ois arbitrary p; (f,)< o (f,).
2.1Sum and Product Theorems

In this section, we assume that f, f, etc. are entire functions of s defined by everywhere

o0

> a b
absolutely convergent ordinary Dirichlet series Z—Z , Z—Z etc. The product of two such
n=1N n=1N

series is considered by Dirichlet product method, which is also everywhere absolutely
convergent (see [9].pp 66).

Theorem 2.Let g(s)be an entire function having the property (A).Then
() py(ftf,)< max{pé‘(fl), pé‘(fz)} Sign of equality holds when p; (f,)# ps (f,)
and (i) pt(f,f,)<max{pt(f,)ol(f,)}.

Proof: (i)We may suppose that pé‘(fl) and pé‘(fz) both are finite, because in the contrary

case the inequality follows immediately .We prove (i) for addition only, because the proof for
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subtraction is analogous.
et f=f+f, ,p=p;(f)p" =py(f)i=12and  p;(f,)<p;(f,).

Forarbitrary & >0 and for all large &, we have from Theorem 1(a)

Fu(o) <explalot(o)py (,)+)

<explG(ot (o )o5 (,)+ )

and F, (o) < exp|G(oL (o)l p- (, )+ & )|so for all large & F (o) < F,(6)+ F, (o)

< 2explGlot (o )y (f,)+ <)

<explG(oL(o)p:(f,)+ &) . since forall x,2exp(x) < exp(x?)
<explG(aL(c )t (f,)+&))] For every 5 >1,by property (A).Therefore
Gl0gFlo) ¢,

ol (o) Pq (f2)+5}505_1{|-(0)}571 for all large o

Taking first 6 — 1+ 0 and then limit superior as o — «© and nothing that & > 0 is arbiyrary, we
obtain p;(f)< pg(f,). This proves the first part of(i).

For the second part of (i), let p; (f,) < p¢ (f,).
andsuppose that  p; (f,)< u< A< p;(f,).

Then for all large & F, (o) < exp[G(oL(c)u)](2.3)

and there exist an increasing sequence {an }, O, —>®©

F,(c,)>exp[G(o,L(o, )A)]forn=1,23,... (2.4)
. . A .
Using Lemma 1, by setting a =— ,r=ou, f=1+¢ ,0< & <1 suchthat 1< < a, we obtain
u

G[%o;u} > 1+ £)G(ou)
ie. G(1o)> (1+£)G(ou)
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log 2
F, (O‘n ) > eXp[G (an L(O'n )l)]

Therefore using (2.3) and (2.4) and the fact that G(a) > for all large o, we obtain

> exp|(L+£)6(o, Lo, )]

> 2exp[G(o, L(o, )]
> 2Fl(an), for all large n. (2.5)

Now F(O-n)2 FZ(O_n)_ l:l(o-n)
> Fz(an)—% ,(c, ), using (2.5)
-2F.(0,)

> %exp[G(an L(c,)A)], from (2.4)

> expl(l—¢)G(o, L(o, )2)] , for all large n.

et  pe(f))<A <A<py(f,), and O<e< A ;Zi (which is clearly permissible).

1
l-¢

Using Lemma 1, by setting «o =% P = ,I =o/,,we have, because 0< <«

y) 1
G(ZGA]>EG(G&),

i.e. (1—5)6(/10')>G(0'21).

Hence for all largen , F(o, ) > exp[G(o, L(o, )4, )],

-1
i.e. M > A, forall large n.
o,L(c

n

This gives p; (f)> 4. Since 1 & 4, both are arbitrary in the interval (pé‘(fl), pé‘(fz)),

We have P:{(f)z p;(fz): maX{P;(fl)’P;(fz)}'
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Le. b (f,+ 1,)> maxipy (,), o5 (F,))-

This in conjunction with the first part of (i) gives

py (f,+ 1,)=max{pt (f,), o5 (1,)}

which proves (i) completely.

(ii) Let f = f,f, and the notations p;(f) ps(f,)and p;(f,) have the analogous meanings
asin (). If p;(f,)< ps(f,)then forarbitrary &> 0 forall large &

F(o)<F(o)F.(0)

<explG(ot (o )og (f,)+ e )lexplGlot (e )y (1,)+ )

< explz6lot oot )+ o))

<explGloL (o) oy (f,)+2))f

< eXp[G ,0g (f2)+ 8)}§Jfor every o >1,by property (A).

-1
The above gives %’F)(O-) < (pg';(f2 )+ 5)605’1(L(0))‘H for all large o .Letting 5 —1+0
o
and then considering the fact that ¢ > O'is arbitrary, we obtain pé‘(f )S pé‘(fz) which proves
the theorem.

2.2 Relative L-Ritt order of the derivative

Theorem 3. Let f(s) be an entire function defined by the Dirichlet series (1) having finite L-Ritt
order p"(f)and f'(s) be its derivative .Then p!(f)=p; (f ')where g(s) is a transcendental

entire function.

Proof: Itis known([17], p139) that for all large value of o and arbitrary ¢ >0

F(o)-¢<(ol(o)-o,L(c,))F (o)+]f (s, ) (3.2)

wheres, = o, +it, is a fixed complex number and F'(¢) = lLub.

—oo<t<o

f'(o+it).

The inequality (3.1) implies F(c) < (oL(0))F (o) + A+ ¢,
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where A is a constant. Taking logarithm, we see that for all large value of &
log F () < log|(oL(c'))F ()] + B, Where B, — o0 as & —
<logF'(c)+log(ot(c))+ B,

<logF (0)+at(o)py(f )+2)+8B,

<logF'(c)+oL(o)p:(f )+25)

<Glot(o)ps (') + )+ otloog ( )+ 2¢)

<GloL(o)p:(f')+2¢)|3.2)

G[(GL(O'))(,OQ" (f ')+ 8)]+ (GL(J))(,O;‘ (f ')+ 28)

because .
) Gllot (o5 (1 )+ 2]
([51,(d),p213) and ([6],p165).

<1 foralllarge o on using

-1
From (3.2) pé‘(f): lmsup%(:)(a)g pé‘(f I)+ 2¢ .

Since & > 0 is arbitrary, p; (f )= ng(f )

To obtain the reverse inequality, we use the following inequality from ([17], p139)So

F'(a)—gS%F(a+§)(3.3)
where £ > Qis arbitrary and ¢ > 0 is fixed.

Solog F ()< Iog(% F(o+06)+ gj

— log F(0+5)+'°g(%+F(%+5)]

<Gl ookl (1) ol siog o ]

<Gl{(c+8)(c+ 5)}(/)5(1‘ )+ 25)]for all large o
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1 '
Therefore ng(f '): lim supw

o ol(o)

Since & >0 is arbitrary, pé‘(f ')S ps(f) which proves the theorem.

Spé‘(f)+25.

If we assume g(O) =0,a simpler proof of the following theorem may be provided which relates

the L-Ritt order of f relative to g and to its derivative g .

Theorem 4.Let f(s) be an entire function defined by the Dirichlet series (1) and g(s) be an

entire transcendental function with g(O), then

%pgu)gp;U)Spaf»

Proof: Since g(s) is transcendental with g(0) = 0,we have by Lemma 2 for all large & and
0<o<1

G(05)< é(O')< G(20),

where é(d) = maxﬂg'(sj ; |s| = (7}. By computations it follows that

%G%@<Gﬂ@<b4@$,

forall large o . Therefore we can write for all large o

1G*[log(F(o))] _ G *flog(F (o) {6 *llog(F (o))
2 oL(o) ol(o) - oL(o)
tending to infinity as o — «© (see [8], [9]).Letting 6 —1—0, we obtain for all large o

, since log F(a) is increasing and

G*logF (o) § G log F(o) . G logF(o)
ol(o) o(ec) = ol(o)

7

1
2
and this gives %pé‘(f)ﬁp;(f)épé‘(f).

which proves the theorem.
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