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Abstract 

Recently Lahiri and Banerjee [1] have introduced the concept of Ritt-order of an entire Dirichlet 

Series and proved sum and product theorems. They as obtained Ritt order for derivatives. In 

this paper, we introduced the concept of L-Ritt order and discuss it for sum, products and 

derivatives of functions. 

Keywords: Entire dirichlet series, Ritt order, relative L – Ritt order, property (A). 

 

1. Introduction, Definition and Lemmas 

For entire   functionsg1  and g2   let   G1(r)   =  { }rzzg =:)(max 1  and    

G2(r) ( ){ }rzzg =:max 2 . 

If g1 is non constant then G1(r) is strictly increasing and a continuous function of r and its 
inverse G1

-1: ( )( ) ( )∞→∞ ,0,01g  exits and ( )RG
R

1
1lim −

∞→
=∞.(1.1) 

Bernal [5] introduced the definition of relative order of g1 with respect to g2 denoted   by   
( )12
ggρ  as follows 
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( ) ( ) ( ) ( ){ }0:0inf 02112
>><>= µµρ µ rforallrrGrGgg .(1.2) 

  Let  )(sf   be an entire function of the complex variable its += σ  defined by everywhere   

absolutely   convergent   Dirichlet   series ns

n
nea λ∑

∞

=1
(1.3) 

where ( ) ∞→≥<< + nnn n λλλ ,10 1    as ∞→n  and san
,  are complex constants. 

If  cσ  and aσ  denote respectively the abscissa of convergence   and absolute convergence of   

(1.3)   then in this case clearly ∞== ac σσ . 

  Let  ( )itfbulF
t

+=
∞<<∞−

σσ ..)( (1.4) 

Then the Ritt order [16] of ( )sf   denoted by  ( )fρ   is given by 

 

( ) ( ) ( )
σ

σ
σ

σρ
σσ

FFf
]2[logsuplimloglogsuplim

∞→∞→
== .                                                     (1.5) 

In other words ( ) ( ) ( ) ( ){ }µσσµσµρ RforallFf ><>= explog:0inf .(1.6) 

Similarly the lower Ritt order of ( )sf  denoted by ( )fλ  may be defined. 

In the paper we prove sum results on the related to relative L-Ritt order of an entire Dirichlet 
series. where ( )σLL =  is a positive continuous function increasing slowly i.e. ( ) ( )σσ LaL ≈  as   

∞→σ  for every constants a .In the paper we do not explain the standard definitions and 
notations in the theory of entire functions as those are available in [6].The following definitions 
are well known . 

Definition 1.The relative Ritt order of  ( )sf with respect to an entire function ( )sg  is defined by   

( ) ( ) ( )σµσµρ GFfg <>= log:0inf{  For all largeσ }(1.7) 

where  ( ) ( ){ }rssgrG == :max .    Clearly  ( ) ( )ffg ρρ =   if ( ) sesg = .  The following analogous 

definition from [5] will be needed. 

Definition 2.A nonconstant entire function  ( )sg  is said to have the property (A) if for any 1>δ  

and positive  ( )[ ] ( )δσσσ GG ≤2,  holds where ( ) ( ){ }σσ == ssgG :max .  
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Definition 3.The L-Ritt order ( )fLL
f ρρ ≡   and the L-Ritt lower order ( )fLL

f λλ ≡ of ( )sf  are 

defined as follows respectively 

( ) ( )
( )σσ

σρ
σ L

FfL
]2[logsuplim

∞→
= (1.8) ( ) ( )

( )σσ
σλ

σ L
FfL

]2[loginflim
∞→

=
(1.9)

 

Where  ( )xx kk ]1[][ logloglog −=   for k=1,2, 3 , … and  xx =]0[log . Similarly one can define the 

relative L-Ritt and relative lower L-Ritt order of ( )sf  

Definition 4.The relative L-Ritt order ( )fL
gρ  and the relative lower L-Ritt order  ( )fL

gλ  of ( )sf  

with respect to entire ( )sg  are respectively defined as 

( ) ( )
( )σσ

σρ
σ L

FGfL
g

logsuplim
1−

∞→
= (1.10) ( ) ( )

( )σσ
σλ

σ L
FGfL

g
loginflim

1−

∞→
=

(1.11)
 

 

Bernal [5] has proved the following. 

Lemma1 [5].If   α >1,   0 < β <α then ( ) ( )σβασ GG >  for all largeσ .  

Lemma2 [5].If g is transcendental with  ( ) 00 =g  then for all large σ  and 10 << δ . 

( ) ( ) ( )σσσ δ 2GGG <<
−

where ( ) ( ){ }σσ ==
−

zzgG :max '  

 

After  Bernal ,  several papers on relative  order of entire functions have appeared in the 
literature where growing interest of researcher on this topic has been noticed  (see for example 
[2],[3],[4],[12],[13],[14], [15],[16]).   During the past decades, several authors (see for example 
[17], [18], [20]) made close investigation on the properties of entire Dirichlet series related to 
Ritt order. 

2.Main Results:  Following the sections 1, have  proved  the following theorem. 

Theorem 1. (a)    ( ) ( )
( )σσ

σρ
σ L

FGfL
g

logsuplim
1−

∞→
= . 

                      (b)    If  ( ) ( )σσ 21 FF ≤  for all largeσ , then ( ) ( )21 ff L
g

L
g ρρ ≤ . 

Proof: (a) If 0>ε  is arbitrary then from the definition. 
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( ) ( )
( )σσ

σερ
L

FGfL
g

log1−

>+ forall large σ  (2.1) 

and there exist a sequence of value nσσ =  tending to infinity. 

( )
( ) ( ) ερ
σσ
σ

−>
−

f
L

FG L
g

nn

nlog1

(2.2)From (2.1) and (2.2)  

( )
( ) ( )f

L
FG L

gρσσ
σ

σ
=

−

∞→

logsuplim
1

. 

 

Proof:(b)   For arbitrary 0>ε and for all largeσ , we can write from (a). 

( ) ( ) ( )( ){ }[ ]ερσσσ +< 22 exp fLGF L
g  

Since   ( ) ( )σσ 21 FF ≤   for all largeσ , we obtain 

( ) ( )
( ) ( ) ερ
σσ

σ
ρ

σ
+≤=

−

∞→ 2
1

1

1
loglim f
L

FGf L
g

L
g  

Since  0>ε is arbitrary ( ) ( )21 ff L
g

L
g ρρ ≤ . 

  2.1Sum and Product Theorems 

In this section, we assume that 2,1 ff  etc. are entire functions of s defined by everywhere 

absolutely convergent ordinary Dirichlet series  s
n

n n
a∞

=
∑

1
 , s

n

n n
b∞

=
∑

1
 etc. The product of two such 

series is considered by Dirichlet product method, which is also everywhere absolutely 
convergent (see [9].pp 66). 

Theorem 2.Let ( )sg be an entire function having the property (A).Then  

(i)       ( ) ( ) ( ){ }2121 ,max ffff L
g

L
g

L
g ρρρ ≤±    Sign of equality holds when ( ) ( )21 ff L

g
L
g ρρ ≠  

and      (ii)   ( ) ( ) ( ){ }2121 max ffff L
g

L
g

L
g ρρρ ≤ . 

Proof: (i)We may suppose that ( )1f
L
gρ  and ( )2fL

gρ  both are finite, because in the contrary 

case the inequality follows immediately .We prove (i) for addition only, because the proof for 
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subtraction is analogous.                                                                                                                            
Let    21 fff +=    , ( )fL

gρρ = ( )i
L
g

L
i fρρ = 2,1=i and       ( ) ( )21 ff L

g
L
g ρρ ≤ . 

For arbitrary    0>ε  and for all large σ , we have from Theorem 1(a) 

( ) ( ) ( )( )( )[ ]ερσσσ +< 11 exp fLGF L
g  

( ) ( )( )( )[ ]ερσσ +≤ 2exp fLG L
g  

and ( ) ( )( ) ( )( )[ ]ερσσσ +< 22 exp fLGF L
g So for all largeσ ( ) ( ) ( )σσσ 21 FFF +≤  

( ) ( )( )( )[ ]ερσσ +≤ 2exp2 fLG L
g  

( ) ( )( )( )[ ]22exp ερσσ +< fLG L
g   , since for all ( ) ( )2expexp2, xxx <  

( ) ( )( )( )[ ]δερσσ +≤ 2exp fLG L
g For every 1>δ ,by property (A).Therefore 

( )
( ) ( ){ } ( ){ } 11

2

1 log −−
−

+< δδδ
σσερ

σσ
σ Lf

L
FG L

g     for all large σ  

Taking first 01+→δ  and then limit superior as ∞→σ  and nothing that 0>ε  is arbiyrary, we 
obtain   ( ) ( )2ff L

g
L
g ρρ < . This proves the first part of(i). 

For the second part of (i), let ( ) ( )21 ff L
g

L
g ρρ < . 

andsuppose that     ( ) ( )21 ff L
g

L
g ρλµρ <<< . 

Then for all large σ ( ) ( )( )[ ]µσσσ LGF exp1 < (2.3) 

and there exist an increasing sequence{ }nσ , ∞→nσ  

( ) ( )( )[ ]λσσσ nnn LGF exp2 > for ,...3,2,1=n               (2.4) 

Using Lemma 1, by setting  
µ
λα =  , σµ=r , εβ += 1  , 10 << ε  such that αβ <<1 , we obtain

( ) ( )σµεσµ
µ
λ GG +>







 1
 

                 i.e.        ( ) ( ) ( )σµελσ GG +> 1  
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Therefore using (2.3) and (2.4) and the fact that ( )
ε

σ 2log
>G  for all large σ , we obtain 

( ) ( )( )[ ]λσσσ .exp2 nnn LGF >  

( ) ( )( )[ ]µσσε .1exp nn LG+>  

( )( )[ ]µσσ .exp2 nnLG>  

( )nF σ12> ,    for all large .n   (2.5) 

Now                                                ( ) ( ) ( )nnn FFF σσσ 12 −≥  

( ) ( )nn FF σσ 22 2
1

−> , using (2.5) 

( )nF σ22
1

=  

( )( )[ ]λσσ .exp
2
1

nn LG>  , from (2.4) 

( ) ( )( )[ ]λσσε .1exp nn LG−>  , for all large .n  

Let     ( ) ( )211 ff L
g

L
g ρλλρ <<<   , and    

λ
λλ

ε 10 −
<< (which is clearly permissible). 

Using Lemma 1, by setting   
1λ
λα =  ,

ε
β

−
=

1
1 , 1σλ=r ,we have, because  αβ <<0  

( )11
1 1

1 σλ
ε

σλ
λ
λ GG

−
>








,  

                                      i.e.      ( ) ( ) ( )11 σλλσε GG >− . 

Hence for all large n  , ( ) ( )( )[ ]1.exp λσσσ nnn LGF > , 

                    i.e. 
( )

( ) 1

1 log
λ

σσ
σ

>
−

nn

n

L
FG

for all large .n  

This gives ( ) 1λρ ≥fL
g . Since  1& λλ  both are arbitrary in the interval ( ) ( )( )21 , ff L

g
L
g ρρ , 

We have     ( ) ( ) ( ) ( ){ }212 ,max ffff L
g

L
g

L
g

L
g ρρρρ =≥ , 
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i.e. ( ) ( ) ( ){ }2121 ,max ffff L
g

L
g

L
g ρρρ ≥+ . 

This in conjunction with the first part of (i) gives  

( ) ( ) ( ){ }2121 ,max ffff L
g

L
g

L
g ρρρ =+  

which  proves (i)  completely. 

(ii)  Let 21 fff =  and the notations ( ) ( )1, ff L
g

L
g ρρ  and ( )2fL

gρ   have the analogous meanings 

as in (i). If ( ) ( )21 ff L
g

L
g ρρ ≤  then for arbitrary 0>ε  for all large σ  

( ) ( ) ( )σσσ 21 .FFF ≤  

( ) ( )( )( )[ ] ( ) ( )( )( )[ ]ερσσερσσ ++< 21 exp.exp fLGfLG L
g

L
g  

( ) ( )( )( )[ ]ερσσ +≤ 22exp fLG L
g  

( ) ( )( )( )[ ]22exp ερσσ +≤ fLG L
g  

( ) ( )( ){ }[ ]δ
ερσσ +≤ 2exp fLG L

g for every 1>δ ,by property (A). 

The above gives  
( )

( ) ( )( ) ( )( ) 11
2

1 log −−
−

+≤ δδδ
σσερ

σσ
σ Lf

L
FG L

g  for all largeσ .Letting  01+→δ   

and then considering the fact that 0>ε is arbitrary, we obtain ( ) ( )2ff L
g

L
g ρρ ≤   which proves 

the theorem. 

2.2 Relative L-Ritt order of the derivative 

Theorem 3. Let ( )sf  be an entire function defined by the Dirichlet series (1) having finite L-Ritt 

order ( )fLρ  and ( )sf '  be its derivative .Then ( ) ( )'ff L
g

L
g ρρ = where g(s) is a transcendental 

entire function. 

Proof:    It is known([17], p139) that for all large value of σ  and arbitrary 0>ε  

( ) ( ) ( )( ) ( ) ( )0
'

00 sfFLLF +−<− σσσσσεσ (3.1) 

where 000 its += σ  is a fixed complex number and ( ) ( )itfbulF
t

+=
∞<<∞−

σσ '' ... . 

           The inequality (3.1) implies ( ) ( )( ) ( ) εσσσσ ++< AFLF ' , 
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where A  is a constant. Taking logarithm, we see that for all large value of σ  

( ) ( )( ) ( )[ ] σσσσσ BFLF +< 'loglog Where ∞→σB  as ∞→σ  

( ) ( )( ) σσσσ BLF ++< loglog '  

( ) ( ) ( )( ) σερσσσ BfLF L
g +++< ''log  

( ) ( ) ( )( )ερσσσ 2log '' ++< fLF L
g  

( ) ( )( )[ ] ( ) ( )( )ερσσερσσ 2'' +++< fLfLG L
g

L
g  

( ) ( )( )[ ]ερσσ 2' +< fLG L
g (3.2) 

because
( )( ) ( )( )[ ] ( )( ) ( )( )

( )( ) ( )( )[ ] 1
2

2
'

''

<
+

+++

ερσσ
ερσσερσσ

fLG
fLfLG

L
g

L
g

L
g     for all large σ  on using 

([5],(d),p213) and ([6],p165). 

From (3.2)   ( ) ( )
( ) ( ) ερ
σσ

σρ
σ

2logsuplim '
1

+≤=
−

∞→
f

L
FGf L

g
L
g .   

Since 0>ε  is arbitrary, ( ) ( )'ff L
g

L
g ρρ =  

To obtain the reverse inequality, we use the following inequality from ([17], p139)So

( ) ( )δσ
δ

εσ +≤− FF 1' (3.3) 

where 0>ε is arbitrary and 0>δ  is fixed. 

So ( ) ( ) 





 ++≤ εδσ
δ

σ FF 1loglog '  

( ) ( )






+

+++=
δσ

ε
δ

δσ
F

F 1loglog  

( ) ( ) ( )( )[ ] ( )






+

+++++≤
δσ

ε
δ

ερδσδσ
F

fLG L
g

1log  

( ) ( ){ } ( )( )[ ]ερδσδσ 2+++≤ fLG L
g for all largeσ . 
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Therefore ( ) ( )
( ) ( ) ερ
σσ

σρ
σ

2logsuplim
'1

' +≤=
−

∞→
f

L
FGf L

g
L
g . 

Since   0>ε  is arbitrary,   ( ) ( )ff L
g

L
g ρρ ≤'     which proves the theorem. 

If we assume ( ) 00 =g ,a simpler proof of the following theorem may be provided which relates 

the L-Ritt order of  f  relative to g  and to its derivative 'g . 

 

Theorem 4.Let ( )sf  be an entire function defined by the Dirichlet series (1) and ( )sg  be an 

entire transcendental function with ( )0g , then 

( ) ( ) ( )fff L
g

L
g

L
g ρρρ ≤≤ '

2
1 . 

Proof: Since ( )sg  is transcendental with ( ) 00 =g ,we have by Lemma 2 for all large σ  and
10 << δ  

( ) ( ) ( )σσσ δ 2GGG <<
−

, 

where ( ) ( ){ }σσ ==
−

ssgG :max ' . By computations it follows that 

( ) ( ) ( )[ ]δσσσ
1

111

2
1 −

−
−− << GGG , 

forall large σ . Therefore we can write for all large σ  

( )( )[ ]
( )

( )( )[ ]
( )

( )( )[ ]{ }
( )σσ

σ
σσ

σ
σσ

σ δ

L
FG

L
FG

L
FG

1
111 logloglog

2
1 −

−
−−

≤<   , since ( )σFlog  is increasing and 

tending to infinity as ∞→σ   (see [8], [9]).Letting  01−→δ  , we obtain for all large σ  

( )
( )

( )
( )

( )
( )σσ

σ
σσ

σ
σσ

σ
L

FG
L

FG
L

FG logloglog
2
1 111 −

−
−−

≤< , 

and this gives        ( ) ( ) ( )fff L
g

L
g

L
g ρρρ ≤≤ '

2
1  . 

which proves the theorem. 
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